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Abstract
In this paper, we intend to obtain coherent forecasts of age-specific fertility rates of Pakistan for the
two broader regions, namely, Urban and Rural areas. This is an application of coherent functional models of
Hyndman RJ, Booth H & Yasmeen F [1] on the disaggregation of fertility forecasts by regions. On the basis of
previous studies [2, 3], we found that fertility rates in rural areas are higher than those of urban areas. Here, we
can assume that the future fertility rates of rural areas will remain higher than those of urban areas, for all age
groups. Hence, the fertility forecasts thus obtained are assumed to be coherent or more realistic with the
historical fertility rates.
We first describe the concept of coherence in the context of age-specific fertility and discuss some
problems with using independent functional time series models of Hyndman RJ & Ullah MS [4] for urban and
rural regions. Then, we apply the coherent functional model to the age-specific fertility data. An empirical
comparison of the independent and coherent models based on the fertility rates has been made. The purpose here
is to see the performance of coherent forecasting models for the fertility rates of these two regions of Pakistan
and to find the more realistic fertility forecasts by this application.
Keywords: Fertility; Fertility levels; Age-specific fertility rates; Rural-urban fertility gap; Functional time series;
Forecasting; Coherent forecast.

1. Introduction
The study of fertility levels and differentials are key factors
to understand population growth. In the past, striking
differences have been found in fertility rates of rural and
urban areas of Pakistan. It has been documented that rural
populations are more fertile than urban populations[5, 6],
specifically in developing countries like Pakistan. Although,
regardless of the overall level of fertility, rural-urban
differences have been observed in most societies, which are
more significant in less developed societies and their
interpretation and meaning have been eagerly questioned
[7]. Some pollsters contended that rural-urban differences
© 2016 Farah Yasmeen. Volume 1 Issue 1 MSOA-1-003

are typically small and before the onset of fertility transition
arise solely due to lower proportions of married amongst
women in urban areas as a consequence of more job
opportunities for urban women [6]. However, despite the
considerable attention on this topic, little work has been
done to relate rural-urban fertility differences systematically
to socio-economic development.
To describe the reproductivity and fertility pattern in
Pakistan a variety of mathematical models have been
proposed in the past [8-11]. However to study the fertility,
the existing literature was lacking the modelling approach.
Also, neither of these studies had considered the forecasting
of fertility curve for future.
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To obtain the fertility forecasts Yasmeen F and Mahmood
Z[2, 12] applied Functional Time Series (FTS) models to the
age-specific fertility data of entire population of Pakistan
and to the fertility rates of Urban and Rural areas
respectively. Those pieces of work mainly concentrate on
the modelling and forecasting age-specific fertility rates
using independent functional time series (FTS)models.
However, on the basis of past studies, the figures indicate
that the urban fertility is quite lower than the rural one, as
the awareness about family planning is less in the rural areas
of Pakistan. Moreover, rural areas population consist of
around 64%and urban is on 36%, so it obvious to have
higher fertility rate in rural areas. Hence, it is desirable to
obtain the fertility forecast of urban and rural areas in such a
way that the resultant forecast will exhibit relationship in the
historical fertility rates.
In this paper, we apply the coherent functional time series
models of Hyndman RJ, Booth H & Yasmeen F [1] to the
age-specific fertility rates of urban and rural areas of
Pakistan. The main objectives of this paper are:
 To observe the components of FTS models applied
independently to the urban and rural regions.
 To apply the coherent functional model of Hyndman RJ,
Booth H & Yasmeen F [1] based on the product and the
ratios of the fertility rates of two regions
 To study the components of product and the ratios of
fertility rates
 To obtain coherent forecasts of fertility curve for the
next twenty years
The paper is divided into six sections. Section 1 is
introductory; with fertility patterns for the urban and rural
areas of Pakistan are discussed in section 2. Some basic
concepts of functional time series (FTS) and the coherent
functional model are explained in section 3 and 4
respectively. The results of the statistical analysis are
discussed in section 5, and finally some concluding remarks
are given in section 6.

pattern of fertility curve can be considered as the reciprocal
of the V-shapes. In literature, we found that some
polynomial models are fitted to the ASFR. However, little
attention has been paid to forecast these rates. As stated
before, Yasmeen Fatima and Mahmood [2] applied
independent FTS models to the urban and rural fertility rates
and obtained 20-year forecasts. In these forecasts the least
reduction has been seen in the rural areas as compared to
urban region because of lack of educational facilities, lack in
exposure of mass media, early marriages, poor health
facilities and lacking of extracurricular activities. If we
compare the forecast values of the fertility rates for the two
regions of Pakistan (Figure 5) [12], the maximum reduction
was expected in the age-group (25-35) and relatively small
in the other age groups. However, the future fertility rates
were expected to decline slowly in the rural region than
those for the urban region.

2. Fertility Patterns in Urban and Rural Areas
of Pakistan

yt(x )= ft(x) + σt(x)ɛt,

The estimated population of Pakistan was over 187 million
[13] in 2011, and it is estimated to be increased by over
fourfold during 1950–2011. Estimates from different sources
imply decline in fertility in Pakistan particularly after 1990s
[3].
The graph of ASFR of Pakistan (Figure 1) [12] shows that
during 1984-2005, the fertility rates have been decreased for
all age-groups. A greater decline occurred in the middle age
group i.e. 20-24, 25-29 and 30-34, and relatively slower
decline in the other age groups (15-19, 35-39, 40-44 and 4549). Another import point is that the pattern is almost the
same for the study period (1984-2005), which is to be
considered as the reciprocal of V-shape, and we did not find
any significant change in this pattern. By plotting ASFR of
Pakistan, it is found that their distribution has a typical
shape. For the fertility data of Pakistan, this non-linear

Where yt(x) denotes the observed log fertility rate at age ‘x’
in year ‘t’. We assume that there is a smooth function of ‘x’,
allows the amount of noise to vary with ‘x’, andɛt,, are
considered to be independent and identically distributed
random variables with zero mean and unit variance. The first
step is to estimate these smooth functions from the discrete
noisy data. This is possible using nonparametric smoothing
methods. Hence the smoothed curves are decomposed using
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3. Functional Time Series (FTS) Models
Functional time series (FTS) models based on functional
data analysis (FDA) have attained substantial development
in recent years. Such time series refers to the data in the
form of curves that are observed at regular intervals in time.
These models are first introduced by Hyndman RJ &Ullah
MS [4], with further applications on breast cancer incidence,
lung cancer incidence and age-specific fertility forecasting
[14-17]. Yasmeen F [18] described the common principal
component (CPC) approach to the FTS models.
A functional time series model proposed by Hyndman RJ &
Ullah MS [4] was first used for demographic forecasting.
Their technique is generally known as Hyndman-Ullah
technique. Ramsay JO and Silverman BW [19] described
the functional data paradigm more generally. The HyndmanUllah technique uses several principal components obtained
by applying singular value decomposition (SVD) to the
matrix of log mortality/fertility rates. The main model is
(1)
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Where  (x) is the mean log fertility rate across years and
{ϕj,(x)} is a set of orthogonal basis functions.
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The values {βj,1,…,βj,n} form a univariate time series for
j=1,…,J. The basic functions {ϕj(x)} are computed using
functional principal components applied to the smooth
curves ft(x).
The h-step ahead forecast of ŷ,n+h,(x) can be obtained as
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Where ˆ ( x) and  j ( x) are the estimates of the mean
function and the basic functions, respectively and denotes
the h-step ahead forecast of βj,n+h . Assuming independence,
the forecast variance can be obtained by adding the
variances of all individual terms in equations (1) and (2).

4. Coherent Functional Models
Hyndman RJ, Booth H & Yasmeen F[1] proposed the
coherent functional model that provides forecasts of the
mortality rates of two or more groups within a given
population by simultaneously modeling the geometric mean
of the age-specific mortality rates and the ratio of the groupspecific rates to the geometric mean of the mortality rates of
the population as a whole. However, these models are used
for mortality forecasting, in this paper, we tried to apply
them for the first time on fertility rates of two groups.
Coherent Functional Model for Urban and Rural
Fertility Rates
Let 𝑓𝑡,𝑢 𝑥 denote the age-specific fertility rate for urban
women of age 𝑥 in year t, t = 1. . , n. We model the log
fertility rate, 𝑦𝑡 ,𝑢 𝑥 = log[𝑓𝑡,𝑢 𝑥 ], and assume that there is
an underlying smooth function that we are observing with
error. Thus,
𝑦𝑡,𝑢 𝑥 = log[𝑓𝑡,𝑢 𝑥 ]+𝜎𝑡,𝑢 𝑥𝑖 𝜖𝑡,𝑤 ,𝑖 (4)
Where xi is the center of age group i (i = 1, . . . , p),𝜖𝑡,𝑤 ,𝑖 is
an independent and identically distributed standard normal
random variable and𝜎𝑡,𝑢 𝑥𝑖 allows the amount of noise to
vary with age x. Analogous notation can be used for rural
fertility rates.
Define the square roots of the products and ratios of the
smoothed rates for each group:
pt (x) =𝑓𝑡,𝑢 𝑥 . 𝑓𝑡,𝑟 𝑥
and
rt (x) =𝑓𝑡,𝑢 𝑥 / 𝑓𝑡,𝑟 𝑥

(5)
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5. Fitting Coherent FTS Models
Data
The secondary data of age-specific fertility rates
(ASFR) from 1984 to 2007, obtained from Pakistan
Demographic Surveys [19] are used. These data are
available for 1984-1986, 1988-1992, 1995-1997, 1999-2001,
2003 and 2005-2007. Age-specific fertility rates are missing
for rest of the years, so we estimate those using interpolating
splines. For each age-group, we consider a fixed number of
knots as available ASFR and estimate the function for
missing years (The reader is referred to Ref. [12] for
details).

Results
At first, we obtain ASFR for the years 1984-2007
and consider them as functional observation. We smooth
these rates using non-parametric methods. We use weighted
regression B spline to obtain smooth curves. In applying the
coherent functional model to the ASFR of urban and rural
areas, the first step is to get the product component pt(x) and
ratio component rt(x) using equation (5). Figures 1 and 2
depict these components of the smoothed log fertility rates
during the years 1984 – 2007. The product component
represents the overall effect of the whole population
(irrespective of groupings), and it shows that overall, the
fertility rates for women of both group increased with age
till age 27 years, and then they declined. This decline was
sharper in the age group (25-35) and relatively slower in the
early ages (below 22 years) and older ages(above 37 years).
Also, during the study period (1984-2007), the fertility rates
of all Pakistani women decreased and the pattern was not
change since 1984. The rate declined continually and the
decline in rates appeared relatively faster for the young
women in the most recent years.

The ratio component shows the square root of the
ratio of the fertility rates of urban to the fertility rates of
rural defined in equation (5), as displayed in Figure 2. This
figure suggests that the urban to rural fertility ratio was less
than 1.0 for all age groups for all available years. The ratio
decreased continually since 1984, and in most recent years,
the ratio has consistently been less than 1 for all age groups.
This suggests that urban women have lower fertility rates
than rural women for all ages during the study period. Also,
the ratio is decreasing for the women aged below 25 years
and over 35 years, where the ratio of women between ages
25-35 is relatively stable, it means that the major differences
in the fertility rates of urban and rural populations occur in
younger and the older women and relatively stable in the
women of middle age-group.
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Figure 1: Product Component of fertility rates of Pakistan for urban and rural regions.
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Figure 2: Ratio Component of fertility rates of Pakistan for urban and rural regions.
The next step is to apply the basic functional time
series model [4] to the product and ratio components.
Figures 3 and 4 show basis functions and the respective time
series coefficients obtained by applying the functional
principal components decomposition to the product and ratio
curves, along with twenty-year forecasts of the time series
coefficients. These plots represent the various sources of
variation in the two components. From Figure 3, it is clear
that the mean function of the product model is an increasing
till age 27 years and then it is declining. The first basis
function of the product component shows that the agespecific fertility rates for the two groups of women (urban
and rural) were decreasing for younger women(under 25-
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years). Similarly, the second basis function is a contrast
between very young (15 years) and very old (45 years). Its
respective coefficient shows that the rates for older women
were initially decreasing (from 1984 till 2000) and then they
started to increase slightly from year 2000. These rates are
expected to decline slowly in the next 20-years. We use
ARIMA models to forecast the product component
coefficient, using automatic forecasting algorithm of
Government of Pakistan, Population Demographic Survey2005 [20] to select the best possible ARIMA model.
The mean function of the ratio component in Figure
4 shows that on average, the urban to rural fertility ratio
increases with age till 25 years and then decreasing.
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The first basis function of the ratio component
shows that most of the variation in the urban to rural
fertility-ratio is in the age groups of women aged 17 years
and under, and above 45years and the ratio of their fertility
rates is decreasing since 1984. While the second basis
function represent ages 40 years and above, with
corresponding rates are expected to decrease in the next 20years. For forecasting the ratio coefficients, we use
stationary ARFIMA (p, d, q) (−0.5 < d < 0.5) models and
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obtain forecasts using the algorithm developed by Hyndman
RJ, Booth H & Yasmeen F [1]. The twenty-year forecasts of
the first ratio coefficient show that urban to rural fertility
ratio may remain constant in the future. This implies that the
forecasts for the entire fertility curves for urban and rural
women will not diverge in the long run. The other basis
functions and coefficients have little effect on the ratio
forecast, as the forecast values of the coefficients are nearly
zero.
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Figure 3: Forecast for the first three coefficients of FTS model for product component.
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Figure 4: Forecast for the first three coefficients of FTS model for ratio component.
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graphs show a decline in fertility rates for both urban and
rural women over the next twenty years. This decline is
steeper among urban women of middle age (25-35 years),
and relatively slower among younger women (under 25
years of age) and older women(above 35 years). However,
for rural areas, future fertility rates are expected to decline
substantially for women aged between 22 and 38 years, and
relatively slowly for women of other ages.
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If we compare the figures 3 and 4, it can be
observed that the coefficients of product models are nonstationary, whereas the coefficients of ratio models are
stationary with narrow prediction intervals. Hence, the
stationary condition makes the forecasts of the two groups to
be non-divergent.
Figures 5 and 6 show twenty-year forecasts of agespecific fertility for urban and rural areas of Pakistan. These
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Figure 5: 20-year Fertility Forecasts of Pakistan (urban region) using Coherent Functional Models
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Figure 6: Fertility forecasts of Pakistan (rural region) using Coherent Functional Models
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years for urban women, as compared to rural (Figure 7) for
the same age-group. This causes the divergence in the
fertility forecasts for the two groups, as shown in Figure 8.

Empirical Comparison of Independent and Coherent
Models
In this section, we will compare the results obtained
from the application of independent and coherent functional
models to the fertility rates of urban and rural areas of
Pakistan. Figure 7 depicts the first basis functions for the
two polar groups obtained from independent functional
models. It is clear that the first basis function of the urban
population (which is more responsible for the overall
variation in the fertility rates) represents women of ages 20
years and 40 years, whilst the first basis function for rural
represent very young women(15 years of age) and 35 years.
The values are relatively smaller for the age group 25-35

Using independent models, the future fertility rates
in urban population of Pakistan are expected to decline
relatively faster in ages 25-35 years, than their rural
counterpart. In rural areas, fertility rates are expected to
decline faster for 35-years of age and it seems that the future
fertility rates will become lower for rural areas than the
urban rates for this age-group. However, it is not expecting
using coherent models, as the forecasts are more realistic
with the historical fertility rates.
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Figure7: First Basis Function of Independent FTS for Urban and Rural Fertility in Pakistan
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Figure 8: 20-years Forecasts of fertility rates of Pakistan for urban and rural regions using independent FTS models
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6. Conclusion
In this paper, we applied coherent functional time series
(FTS) models to the age-specific fertility rates of Pakistan
for the two broader areas, urban and rural. We have shown
that, on average, rural women have had higher fertility rates
than their urban counter-parts in all age-groups since 1984
(from where the data of fertility rates are available).
Significant inverse correlation between proportion of urban
population and fertility rate leads to arrive the conclusion
that difference in reproductive behavior between the women
of two polar type community stems mainly from differences
in their socio-economic conditions, specifically from
differences in the literacy rate, level of education, and age at
marriage. Our forecasts of future fertility rates show that
these differences are expected to be maintained over the
next twenty years.
Estimates from different sources imply decline in fertility in
Pakistan particularly after 1990s [22]. Our results also

confirm the results of the previous research. In addition, we
obtained 20-years predictions for the ASFR. These plots
exhibit that the future fertility rates will decline for all ages,
but that the decline will be greatest for the middle age
women, and relatively slower for the youngest and oldest
women. The results obtained here are consistent with the
findings of Yasmeen Fatima and Mahmood [2], Yasmeen F
and Mahmood Z[12] andHyndman R & Khandakar Y[21]
that the overall fertility rates are decreasing.
The study also suggests that rural areas should be the focus
of policy formulation and program implementation because
major part of the population of Pakistan is still inhabited
there. Currently almost two-third of its population live in
rural areas showing high fertility rate than that of urban
population and is playing major part in overall rapid
population growth in the country. Resultantly, the quality of
population in terms of education, jobs, provision of health
and other facilities is adversely affected; hence this issue
needs realistic response.
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